A geometrical interpretation of the G-structures associated to elastic material bodies is given. In addition, characterizations of their integrability are obtained. Since the lack of integrability is a geometrical measure of the lack of homogeneity, the corresponding inhomogeneity conditions are obtained.
Introduction
The continuous theories of inhomogeneities were introduced by W. Noll [27] . In fact, Noll defined the notion of uniformity of a hyperelastic material body using only the constitutive law, which expresses the mechanical response of the elastic body in terms of the gradient of the deformation. Thus, a body is uniform if we can connect two arbitrary different points via a material isomorphism, that is, a linear isomorphism between the corresponding tangent spaces such that the mechanical response at both points is the same. The notion of material symmetry at a point also appears in a very natural way as a linear transformation of the tangent space at the point which does not change the mechanical response. These notions can be translated in a modern geometrical language in terms of Lie groupoids and Lie groups. Indeed, the uniformity permits to construct a G-structure on the body manifold whose integrability is equivalent to the local homogeneity of the material body.
The work by Noll was extended by C.C. Wang [34] in a setting of principal bundles, but without an explicit mention of the theory of G-structures (see also [4] ). The first time that the theory of G-structures appears explicitly linked to uniformity occurs in a paper by Elzanowski, Epstein and Sniatycki [9] . In that paper, the authors have also considered several types of G-structures corresponding to different kinds of materials. However, a systematic study of the integrability of the so-called material G-structures is not available up to our knowledge. This is just the aim of the present paper. For a material G-structure we mean a Gstructure on a material body where G is a Lie subgroup of the special general group Sl (3, R). We use a classification of these subgroups usually attributed to S. Lie [23] , [28] , [34] . The first remarkable fact is the difficulty to obtain integrability conditions for some of these G-structures in contrast with the low dimension that we are considering. The second point to remark is the additional difficulties arising from the fact that we are considering subgroups of Sl (3, R) instead of subgroups of Gl (3, R). All these difficulties are conveniently discussed along the paper. The paper is structured as follows. In Section 2 we discuss G-structures defined by tensors in a general setting (the manifold is not necessarily threedimensional). We give a slight generalization of some results contained in [11] for nonlinear "tensors". Moreover, we establish some properties concerning Gstructures obtained by intersecting and enlarging. These results will be very useful later. The integrability of general G-structures is studied in Section 3. We propose a new method to do this, using local G-connections instead of global ones. The method leads us to integrability conditions involving linear partial differential equations whereas the usual procedures lead to more complicated PDE's. Section 4 is devoted to discuss some G-structures defined by tensors, in particular, vector fields, one-forms, two-forms, metrics and tensor fields of type (1,1). We use the results previously obtained by E.T. Kobayashi [13] , [14] and J. Lehmann-Lejeune [17] for 0-deformable tensor fields. We notice the amazing similarity between the definition of 0-deformability in [12] and the notion of uniformity. In Section 5 we recall the formulation of the continuous theories of inhomogeneities in geometrical terms. Thus, the uniformity of the body permits to associate with it a Lie groupoid, in such a way that, fixing a linear frame at a point (a reference crystal) one obtains a G-structure, where G is the isotropy group at that point. Notice that this G-structure is defined modulo conjugation, but this is sufficient for our purposes, since the integrability is not affected by conjugation. In Section 6, after recalling the classification of the connected subgroups of Sl (3, R) modulo conjugation, we give a geometrical interpretation of the corresponding G-structures, and we simultaneously obtain in many cases the integrability condition. When the integrability condition is expressed in terms of the vanishing of some tensor fields, they would be just the inhomogeneity tensors for the corresponding material. Finally, in Section 7, we recall a classic theorem due to Chevalley and we give some applications. Using the natural representation, it implies that for each algebraic subgroup G of Gl(n, R), every N (G)-structure is given by the projectivization of a tensor field which is sum of 0-deformable tensor fields, where N (G) is the normalizer of G in Gl(n, R).
G-structures defined by tensors
Along this paper, {e 1 , . . . , e n } will denote the canonical basis of R n and {e 1 , . . . , e n } its dual basis. The space of tensors of type (r, s) will be denoted by T s r R n = (R n ) ⊗r ⊗ ((R n ) * ) ⊗s . We also notice that the action of Gl(n, R) over End(R n ) = R n ⊗ (R n ) * is the functorial action induced by the adjoint representation A → (B → ABA −1 ).
